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Logarithmic Models

On the Richter scale, the magnitude R of an earthquake of intensity / is given by 3 . 5 Exe rcises see GalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.
I
R=log— |
Iy Vocabulary: Fill in the blanks.
where /, = 1 is the minimum intensity used for comparison. (Intensity is a measure of | 1. An exponential growth model has the form , and an exponential decay model has the form
the wave energy of an earthquake.) I 2. A logarithmic model has the form or .
i . In probability and statistics, Gaussian models commonly represent populations that are
SN R  Magnitudes of Earthquakes ol . 4
. 4. A logistic growth model has the form .

Find the intensity of each earthquake.
: ST Skills and Applications
a. Piedmont, California, in 2015: R = 4.0 b. Nepal in 2015: R = 7.8

Solution Solving for a Variable In Exercises 5 and 6, (a) solve 19. Comparing Models If $1 is invested over a
for P and (b) solve for . 10-year period, then the balance A after ¢ years is given

a. Because I, = 1 and R = 4.0, you have . by either A = 1 + 0.073[f] or A = ¢%%7" depending
I 5, A = Pe" 6. A= P(l + L) on whether the interest is simple interest at 75% or

4.0 = log 1— Substitute | for /, and 4.0 for R " continuous Compound interest at 7%. Graph each

function on the same set of axes. Which grows at a
greater rate? (Remember that [[f] is the greatest integer
function discussed in Section 1.6.)

0 = T . ' E?E} Compound Interest In Exercises 7-12,
1049 = 10 Exponentiate cach side ',:ti’ _'.j find the missing values assuming continuously
of

104‘0 =17 Inverse Property compounded interest. N .
. pin ] 4 20. Comparing Models If$1isinvested overa 10-year
On April 25, 2015, an 10,000 = 1. Simplify. imtla: ) gnauatll Elm:)lto ?(Tl;unt After period, then the balance A after ¢ years is given by
’ ' nvestmen ate ouble ears : - - 365
earthquake of magnitude 7.8 b. For R = 7.8, you have 0 either A = 1 + 0.06[7] or A = [1 + (9.055/;365)]ﬂ D)
struck in Nepal. The city of 7. $1000 3.5% depending on whether the mterfzst is simple interest at
Kathmandu took extensive 7.8 = log 4 T 8. $750 10%% 6% or compound interest at 5;% compounded daily.
damage, including the collapse l ' e 9. $750 71yr Use a graphing utility to graph each function in the
of the 203-foot Dharahara 1078 = 1Qloe! By S ) s same viewing window. Which grows at a greater rate?
Tower, built by Nepal’s first xpanentiate gich;side 10. $500 $1505.00 ) ) .
prime minister in 1832, 1078 = Ii9e1%8 PROpETy 11. 4.5% $10,000.00 E{:‘HE Radioactive Decay In Exercises 21-24,
o skt find the missing value for the radioactive
63,000,000 =~ [, Use a calculator 12. 12 yr $2000.OO ﬁ?ﬁ isotope.
| Note that. an incre_ase of 3.8 units on the Richter scale (from 4.0 to 7.8) represents an Comp?und Ir.lte.rest In Exercis.es 13 and 14, Half-life  Initial Amount After
increase in intensity by a factor of 1078/10* = 63,000,000/10,000 = 6300. In other determine the principal P that must be mv.ested at r-ate r Isotope  (years) Quantity 1000 Years
words, the intensity of the earthquake in Nepal was about 6300 times as great as that of compounded monthly, so that $500,000 will be available 21. 226R 1599 10
the earthquake in Piedmont, California. for retirement in ¢ years. ’ . g
. o _ 22, '4C 5715 65¢g
3 J Checkpoint “@ )} Audio-video solution in English & Spanish at Larsonrecaleulus.cor 5. FA=OeN=hI0 1t PSR 15 23. “C 5715 2g
e .
' Find the intensities of earthquakes whose magnitudes are (a) R = 6.0 and (b) R = 7.9. COmpoing  InifStesH sinpExerciicoy ISkl 16} Zig =it ity 04¢
| ‘ &l determine the time necessary for P dollars to double o ) )
+ when it is invested at interest rate r compounded Finding an Exponential Model In Exercises 25—2.8,
' [P —eeeee———s — (a) annually, (b) monthly, (c) daily, and (d) continuously. find the exponential model that fits the points shown in
i i the graph or table.
| | Summarize (Section 3.5) 15. r = 10% 16. r = 6.5% ELE
1. State the five most common types of models involving exponential and 25. Y 26. Y
| logarithmic functions (page 236). 17. Compound Interest Complete the table for the 3,10) g

time ¢ (in years) necessary for P dollars to triple
when it is invested at an interest rate r compounded
(a) continuously and (b) annually.

| 2. Describe examples of real-life applications that use exponential growth and
decay functions (pages 237-239, Examples 1-3).

3. Describe an example of a real-life application that uses a Gaussian function
(page 240, Example 4).

ro| 2% | 4% | 6% | 8% | 10% | 12%

4. Describe an example of a real-life application that uses a logistic growth
function (page 241, Example 5).

t

. 27. 28.
' 5. Describe an example of a real-life application that uses a logarithmic Pp 18

function (page 242, Example 6).

- Modeling Data Draw scatter plots of the data in
Exercise 17. Use the regression feature of a graphing y|35|1 y |1 i
utility to find models for the data.
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29. Population The populations P (in thousands) of

Horry County, South Carolina, from 1971 through 2014

can be modeled by

P = 76.6(30'03 13¢

where ¢ represents the year, with ¢t = 1 corresponding to

1971. (Source: U.S. Census Bureau)
(a) Use the model to complete the table.

Year | Population
1980
1990
2000
2010

(b) According to the model, when will the population

of Horry County reach 360,000?

(c) Do you think the model is valid for long-term

predictions of the population? Explain.

030_P0pu|ationooo.ooo.o.ooo.-o.n
The table shows the mid-year populations (in millions)
of five countries in 2015 and the projected populations
(in millions) for the year 2025. (Source: U.S.
Census Bureaun)

Country 2015 2025 ’

Bulgaria 7.2 6.7
Canada 35.1 37.6
China 1367.5 | 1407.0

United Kingdom 64.1 67.2
United States 3214 347.3

(a) Find the exponential growth or decay model
y = ae” or y = ae™" for the population of each
country by letting t+ = 15 correspond to 2015.
Use the model to predict the population of each
country in 2035. ; i

(b) You can see that
the populations
of the United
States and the
United Kingdom
are growing at
different rates.
What constant in
the equation y = ae” gives the growth rate?
Discuss the relationship between the different
growth rates and the magnitude of the constant.
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31.

32.

33.

34,

3s.

Website Growth The number y of hits a new
website receives each month can be modeled by
y = 4080¢", where t represents the number of months
the website has been operating. In the website’s third
month, there were 10,000 hits. Find the value of k, and
use this value to predict the number of hits the website
will receive after 24 months.

Population The population P (in thousands) of
Tallahassee, Florida, from 2000 through 2014 can
be modeled by P = 150.9¢%, avhere ¢ represents the
year, with t =0 corresponding to 2000. In 2005,
the population of Tallahassee was about 163,075,
(Source: U.S. Census Bureau)

(a) Find the value of . Is the population increasing or
decreasing? Explain.

(b) Use the model to predict the populations of
Tallahassee in 2020 and 2025. Are the results
reasonable? Explain.

(c) According to the model, during what year will the
population reach 200,000?

Bacteria Growth The number of bacteria in a
culture is increasing according to the law of exponential
growth. After 3 hours there are 100 bacteria, and after
5 hours there are 400 bacteria. How many bacteria will
there be after 6 hours?

Bacteria Growth The number of bacteria in a
culture is increasing according to the law of exponential
growth. The initial population is 250 bacteria, and the
population after 10 hours is double the population after
| hour. How many bacteria will there be after 6 hours?
Depreciation A laptop computer that costs $575
new has a book value of $275 after 2 years.

(a) Find the linear model V = mt + b.

(b) Find the exponential model V = ae*’,

Hv (c) Use a graphing utility to graph the two models in the

36.

same viewing window. Which model depreciates
faster in the first 2 years?

(d) Find the book values of the computer after 1 year
and after 3 years using each model.

(e) Explain the advantages and disadvantages of using
each model to a buyer and a seller.

Learning Curve The management at a plastics
factory has found that the maximum number of units
a worker can produce in a day is 30. The learning
curve for the number N of units produced per day
after a new employee has worked ¢ days is modeled
by N = 30(1 — ¢*). After 20 days on the job, a new
employee produces 19 units.

(a) Find the learning curve for this employee.

(Hint: First, find the value of k.)

(b) How many days does the model predict will pass
before this employee is producing 25 units per day?

37.

38.

5 3.

£ 4.

Ao a1.

B 4.

Carbon Dating The ratio of carbon-14 to carbon-12
in a piece of wood discovered in a cave is R = 1/8'%.
Estimate the age of the piece of wood.

Carbon Dating The ratio of carbon-14 to carbon-12
in a piece of paper buried in a tomb is R = 1/13'",
Estimate the age of the piece of paper.

1Q Scores The IQ scores for a sample of students at
a small college roughly follow the normal distribution

y = 0.0266¢ (<= 100%/450 " 70 < x < 115

where x is the 1Q score.

(a) Use a graphing utility to graph the function.

(b) From the graph in part (a), estimate the average
IQ score of a student.

Education The amount of time (in hours per week)
a student utilizes a math-tutoring center roughly follows
the normal distribution

vy =0.7979¢ 3405 4 < x <7

where x is the number of hours.

(a) Use a graphing utility to graph the function.

(b) From the graph in part (a), estimate the average
number of hours per week a student uses the
tutoring center.

Cell Sites A cell site is a site where electronic

communications equipment is placed in a cellular

network for the use of mobile phones. The numbers y

of cell sites from 1985 through 2014 can be modeled by
320,110

v = 1 + 374¢0-2521

where t represents the year, with t = 5 corresponding to
1985. (Source: CTIA-The Wireless Association)

(a) Use the model to find the numbers of cell sites in
the years 1998, 2003, and 2006.

(b) Use a graphing utility to graph the function.
(c) Use the graph to determine the year in which the

number of cell sites reached 270,000.
(d) Confirm your answer to part {c) algebraically.
Population The population P (in thousands) of a
city from 2000 through 2016 can be modeled by

2632

where  represents the year, with t = 0 corresponding to
2000.

(a) Use the model to find the populations of the city in
the years 2000, 2005, 2010, and 2015.

(b) Use a graphing utility to graph the function.
(¢) Use the graph to determine the year in which the
population reached 2.2 million.

{(d) Confirm your answer to part (c) algebraically.
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43. Population Growth A conservation organization

released 100 animals of an endangered species into a
game preserve. The preserve has a carrying capacity of
1000 animals. The growth of the pack is modeled by the
logistic curve

_ 1000
p) = |+ Qp—0.16561

where ¢ is measured in months (see figure).
P
1200+
1000
800 -+
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400 -

Endangered
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(a) Estimate the population after 5 months.
(b) After how many months is the population 5007

Hu(c) Use a graphing utility to graph the function. Use

the graph to determine the horizontal asymptotes,
and interpret the meaning of the asymptotes in the
context of the problem.

44. Sales After discontinuing all advertising for a tool

kit in 2010, the manufacturer noted that sales began to
drop according to the model

500,000
T 1 4 0.1eM

where S represents the number of units sold and ¢
represents the year, with r = 0 corresponding to 2010
(see figure). In 2014, 300,000 units were sold.

N

500,000 2
450,000
400,000
350,000
300,000 4
250,000
200,000
150,000
100,000 ~

50,000

Numiber of units sold

(a) Use the graph to estimate sales in :2020.
{b) Complete the model by solving for £.

(c) Use the model to estimate sales in 2020. Compare
your results with that of part (a).
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K995 Richter scale

(=] 1
R =log —
IO

Ell::;@ Geology In Exercises 45 and 46, use the
B

for measuring the magnitude R of an
earthquake.

45. Find the intensity / of an earthquake measuring R on the
Richter scale (let [, = 1).
(a) Peruin 2015: R=17.6
(b) Pakistan in 2015: R = 5.6
(c) Indonesia in 2015: R = 6.6
46. Find the magnitude R of each earthquake of intensity 7
(let I, = 1).
(a) 1= 199,500,000
(b) I = 48,275,000
(¢) 1= 17,000

Intensity of Sound In Exercises 47-50, use the
following information for determining sound intensity.
The number of decibels 8 of a sound with an intensity
of I watts per square meter is given by g = 10 log(1/1,),
where I is an intensity of 10~'> watt per square meter,
corresponding roughly to the faintest sound that can be
heard by the human ear. In Exercises 47 and 48, find the
number of decibels g of the sound.

47. (a) I = 10"'0 watt per m> (quiet room)
(b) I = 1075 watt per m? (busy street corner)
(¢) I = 107% watt per m? (quiet radio)
(d) I = 103 watt per m?> (loud car horn)
48. (a) 7= 107" watt per m? (rustle of leaves)
(b) I = 10* watt per m> (jet at 30 meters)
(c) I = 10" watt per m*> (door slamming)
(d) I = 1079 watt per m* (normal conversation)

49. Due to the installation of noise suppression materials,
the noise level in an auditorium decreased from 93 to
80 decibels. Find the percent decrease in the intensity
of the noise as a result of the installation of these
materials.

50. Due to the installation of a muffler, the noise level of
an engine decreased from 88 to 72 decibels. Find the
percent decrease in the intensity of the noise as a result
of the installation of the muffler.

pH Levels In Exercises 51-56, use the acidity model
pH = —log[H*], where acidity (pH) is a measure
of the hydrogen ion concentration [H*] (measured in
moles of hydrogen per liter) of a solution.

51. Find the pH when [H*] = 2.3 x 1075,
52. Find the pH when [H*] = 1.13 x 1073,
53. Compute [H* ] for a solution in which pH = 5.8.

54.
S5¢

56.

ST

Compute [H*] for a solution in which pH = 3.2.
Apple juice has a pH of 2.9 and drinking water has a
pH of 8.0. The hydrogen ion concentration of the apple
juice is how many times the concentration of drinking
water?

The pH of a solution decreases by one unit. By what
factor does the hydrogen ion concentration increase?

Forensics At 8:30 A.M., a coroner went to the home
of a person who had died during the night. In order to
estimate the time of death, the coroner took the person’s
temperature twice. At 9:00 A.Mm. the temperature was
85.7°F, and at 11:00 a.M. the temperature was 82.8°F.
From these two temperatures, the coroner was able to
determine that the time elapsed since death and the
body temperature were related by the formula

T—-170

P= 10 G 70

where ¢ is the time in hours elapsed since the person
died and 7 is the temperature (in degrees Fahrenheit) of
the person’s body. (This formula comes from a general
cooling principle called Newton’s Law of Cooling.
It uses the assumptions that the person had a normal
body temperature of 98.6°F at death and that the room
temperature was a constant 70°F.) Use the formula to
estimate the time of death of the person.

. Home Mortgage A $120,000 home mortgage for

30 years at 7%% has a monthly payment of $839.06. Part
of the monthly payment covers the interest charge on
the unpaid balance, and the remainder of the payment
reduces the principal. The amount paid toward the
interest is

Pr r 12¢
H_M_<M_E><l +E>

and the amount paid toward the reduction of the
principal is

Pr r "
1'—<M—]2><1+B) .

In these formulas, P is the amount of the mortgage, r
is the interest rate (in decimal form), M is the monthly
payment, and ¢ is the time in years.

(a) Use a graphing utility to graph each function in
the same viewing window. (The viewing window
should show all 30 years of mortgage payments.)

(b) In the early years of the mortgage, is the greater part
of the monthly payment paid toward the interest
or the principal? Approximate the time when
the monthly payment is evenly divided between
interest and principal reduction.

(c) Repeat parts (a) and (b) for a repayment period of
20 years (M = $966.71). What can you conclude?

59. Home WMortgage The total interest « paid on a
home mortgage of P dollars at interest rate r (in decimal
form) for ¢ years is

It

1 12¢
. (1 + r/12>

Consider a $120,000 home mortgage at 7%%.

.ﬁp (a) Use a graphing utility to graph the total interest
function.

(b) Approximate the length of the mortgage for which
the total interest paid is the same as the size of the
mortgage. Is it possible that some people are paying
twice as much in interest charges as the size of the
mortgage?

-1,

u=P"Pr

£k 60. Car Speed The table shows the time 7 (in seconds)

required for a car to attain a speed of s miles per hour
from a standing start.

Wy Speed,s Time, ¢

30 3.4

2 40 5.0
=2 50 7.0
22 60 9.3
A 120
gk 80 15.8
90 20.0

Two models for these data are given below.
t, = 40.757 + 0.556s — 15.817 In s
1.2259 + 0.0023s*

Iy

(a) Use the regression feature of a graphing utility to
find a linear model t, and an exponential model ¢,
for the data.

(b) Use the graphing utility to graph the data and each
model in the same viewing window.

(c) Create a table comparing the data with estimates
obtained from each model.

(d) Use the results of part (c) to find the sum of the
absolute values of the differences between the data
and the estimated values found using each model.
Based on the four sums, which model do you think
best fits the data? Explain.

Exploration

True orFalse? InExercises 61-64, determine whether
the statement is true or false. Justify your answer.

61. The domain of a logistic growth function cannot be the
set of real numbers.

62. Alogistic growth function will always have an x-intercept.
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63. The graph of f(x) = + 5 is the graph of

1 + 6™

glx) = 1—4_% shifted to the right five units.

64. The graph of a Gaussian model will never have an
x-intercept.

65. Writing Use your school’s library, the Internet, or
some other reference source to write a paper describing
John Napier’s work with logarithms.

:66. ( :JfJ HOW DO YOU SEE IT? Identify cach

model as exponential growth, exponential
decay, Gaussian, linear, logarithmic, logistic
growth, quadratic, or none of the above.
Explain your reasoning.

(2 (b)

® (h) y

o | e it
e o s e, e i = o i o
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Project: Sales per Share To work an extended
application analyzing the sales per share for Kohl’s
Corporation from 1999 through 2014, visit this text’s website
at LarsonPrecalculus.com. (Source: Kohl’s Corporation)




